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1. INTRODUCTION 
This paper is essentially a sequel to a recent paper of M. Jacobs [l] which 
investigates the relationship between measurability and various kinds of 
continuity for multifunctions, and then applies these results to obtain some 
generalizations of Filippov’s implicit functions lemma. In this note we obtain 
further generalizations which also contain Corollaries 5.2 and 5.2’ of [2]. To 
do this we first exploit some of the ideas of [I] and [2] to find relationships 
between the measurability of a multifunction and the topological properties 
of its graph. Then we apply a selection theorem in the standard way to obtain 
the desired implicit function theorem. 
In Section 2 we give most of the necessary definitions and terminology, and 
develop the relationship between measurability of multifunctions and 
properties of their graphs. Section 3 contains the promised implicit function 
theorems, and Section 4 contains a new selection theorem for multifunctions 
with values contained in a Banach space. 
2. bh4SUk4BL~ R~~uLTIFUNCTIONS 
Throughout the paper T will denote a locally compact Hausdorff space 
with a given positive Radon measure CL. Following [3], a subset A of T is 
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measurable if? the intersection of A with each compact subset of T is integrable. 
It follows that A is measurable iff its intersection with each compact set is 
measurable. A multifunction Q : T -+ X is a subset of T x X with domain 
equal to T; equivalently, J2 is a function from T to the set of non-empty 
subsets of X. If X is a metric space, then Q has closed, complete, or compact 
values iff Q(t) is closed, complete, or compact, respectively, for all t E T. 
If X is a topological space, then a multifunction Q : T + X is (weakly) 
measurable iff QP(B) = (t E T / Q(t) n B f $} is measurable for every 
closed (respectively, open) subset B of X. If X is perfectly normal it follows 
easily that measurability implies weak measurability. The two kinds of 
measurability are equivalent for functions, and we will see, in Corollary 1, 
that they are equivalent, under very general circumstances, for multifunctions. 
We remark that, since (Q 1 K)-‘(B) = K n Q-l(B) for all KC T and 
B C X, we have the useful fact that Q is (weakly) measurable iff Q 1 K is 
(weakly) measurable for every compact subset K of T. 
Recall that, if J2 is a function, then Q is measurable iff for every compact 
subset K of T and every E > 0 there exists a compact subset K, of K such 
that p(K - K,) < E and D 1 K, is continuous. For results relating measur- 
ability of multifunctions to continuity, we refer the reader to [I]. 
NOTATION. If (X, d) is a metric space, and 52 : T -+ X is a multifunction, 
then Q is the real valued function defined on T x X by vc(t, x) = d(x, Q(t)) 
for (t, x) E T x X. 
LEMMA 1. Let T be a locally compact and a-compact Hausdorjf space, 
(X, d) a separable metric space, and Q : T -+ X a multzfunction. Then among 
the following statements we have the relations (i) =S (ii) o (iii). 
(i) Q is weakly measurable; 
(ii) vo(t, x) is a measurable function of t for each x E X; 
(iii) For all E > 0 there exists a closed subset T, of T such that p( T - TJ < E 
and vn 1 T, x X is continuous. 
PROOF. (i)*(ii). To prove (ii) it is sufficient to prove that (t j d(x, Q(t)) < l } 
is measurable for each E > 0 and .z E X. But 
{t 1 d(x, Q(t)) < l } = {t 1 Q(t) n B(x, l ) # $} = Q-l(B(x, l )) 
(where B(x, c) is the open ball of radius E about x) is measurable if D is weakly 
measurable. 
(iii) 3 (ii). Trivial. 
(ii) 3 (iii). First note that v&t, x) is a uniformly continuous function of x 
for each t E T, since, in fact, / d(x, Q(t)) - d(y, Q(t))1 < d(x, y) for all 
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r,y E X. Hence if (ii) is true and T is compact, apply [4, Theorem 2. I] to 
obtain the desired set TE . 
For the noncompact case, let CT, ,..., Un ,... be a cover of T by relatively 
compact open sets. Define Q, = J? 1 u,, , if n =z= I,2 ,... . Then each Q, is 
weakly measurable. Fix 6 > 0 and apply the compact case to find for each n 
aset T, C 0% such thatp(un, - T,,) < ~12” and Q, 1 T, x X = vo, j T, x X 
is continuous on T, x X. Next, since p(u(ui, - T, ( rz = l,...}) -:. E, 
choose a closed set T, such that p(T - II;) ( E and such that 
T-TT,3U{On-T,,jn=1,...}, 
i.e., such that T, is disjoint from each Un - T, . It follows that T, n U, C T,, 
for all 71, and hence that g~o j T, x X is continuous, since T, is the 
union of the relatively open sets T, r\ U,, , n = 1, 2,..., and since 
o)S;,I(T,n U,) x XCp?,J T, )< Xforalln. 
LEMMA 2. Let T be a locally compact Hausdorff space, (X, d) a separable 
metric space, (Y, d) the completion of (X, d), and 52 : T -+ X a multifunction. 
Let &, be defined by &(t, y) = d(y, Q(t)), zf(t, y) E T x Y. Then the folZowing 
two statements are equivalent: 
(i) p)o(t, x) is a measurable function of t for all x E X; 
(ii) &,(t, y) is a measurable function oft for ally E Y. 
PROOF. TriviaIIy (ii) -) (i). So assume (i). It is sufficient to prove that 
{t ( d(y, Q(t)) < l } is measurable for all E > 0 andy E Y. Let D be a countable 
dense subset of X. Then {t I d(y, Q(t)) < E} is the union of the countably 
many (measurable, by (i)) sets {t j d(a, Q(t)) < 6 - d(y, AZ)) for which 
x E D and d(y, x) < E. To see this, note on the one hand that 
d(x, Q(t)) < E - d(y, x) =i d(y, Q(t)) d 4x, Y) + 4x, Q(t)) < l , 
and on the other hand that d(y, Q(t)) < E 3 there exists z E Q(t) C X such 
that d(y, a) < Q * there exists z E X such that d(z, Q(t)) = 0 < c - d(y, z) =P 
there exists x E D such that d(x, Q(t)) < c - d(y, x). 
THEOREM 1. Let T be a locally compact separable metric space, (X, d) 
a separable metric space, and 52 : T ---f X a multifunction with complete values. 
Then the following are equivalent: 
(i) Q is measurable; 
(ii) 9 is weakly measurable; 
(iii) rpn(t, x) is a measurable function oft for each x E X; 
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(iv) For all l > 0 there exists a closed subspace T, of T such that 
u( T - TJ < E and yn 1 T, x X is continuous; 
(v) For all E > 0 there exists a (closed, if we wish) Souslin subspace (see 
[5, p. 1971 for definition) T, of T such that p(T - TJ -: E and the graph 
G(Q I TJ0fJ-J I T, is a (closed, if we wish) Souslin subspace of T x S. 
(vi) There exists a Souslin subspace T’ of T such that ~.L(T - T’) = 0 and 
G(Q 1 T’) is Souslin. 
If X is a Souslin space, then the values of Q need only be closed, rather than 
complete, to obtain the equivalence of each of(i) through (vi) with each of: 
(vii) For all E > 0 there exists a closed subspace T, of T such that 
p(T - T,) < E and Q 1 T, is pseudo upper semicontinuous (i.e., if (a), (x,,) are 
sequences in T, , X, respectively, such that SC, E Q(t,,) for all n, t, + t, and 
xn -+ x, then x E Q(t). See [6] OT [I] for an equivalent definition.) 
(viii) For all E > 0 there exists a closed subspace T, of T such that 
u(T - TJ < E and G(f2 1 TJ is a closed subset of T x X. 
PROOF. Assume the first set of hypotheses. 
(i) => (ii). Apply the perfect normality of S. 
(ii) * (iii) 0 (iv). Lemma 1. 
(iii) 5 (v). Assume (iii). Let (I’, d) be the completion of (X, d), and let 
& be defined as in Lemma 2. By Lemma 2, &(t, y) is a measurable function 
oft for each y E Y. 
Fix l > 0. By Lemma 1, there exists a closed subset T, of T such that 
p( T - T,) < E and & 1 T, x Y is u continuous. We claim that G(Q 1 T,) 
is closed in T x Y, and so also in T x X. For let (t, y) be a limit point of 
G(Q 1 T,), say (t,, , y,,) - (t, y), where (t, , y,J E G(Q 1 T,) for all n. Then 
clearly each t, is in T, , t E T, , each y,, E Q(t,J, and, by the continuity of 
vb I T, x Y, 
d(y, Q(t)) = vi@, Y) = lim 4m , Q&J) = 0. 
But Q(t) is closed. Soy E Q(t), i.e., (t, y) E G(Q j TJ. 
Now, since every locally compact separable metric space is an open subset 
of a compact metric space, it follows that every such space is a Polish and 
hence a Souslin space. Thus T, and G(J2 I T,) are Souslin spaces, since they 
are closed subspaces of the Souslin spaces T and T x Y, respectively. 
(v) Z= (vi). Choose 2;,,, as in(v) for each n = 1,2,... . Let 
T’ = u {TI,,, ] n = 1, 2,...}. 
Then p( T-T’) = 0, T’is Souslin, and G(sZ 1 T’) = (J {G(Sa ]TI,,)I n = 1,2,...} 
is Souslin. 
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(vi) * (i). Let T’ be as in (vi), let TI ,..., T, ,... be a covering of T by 
compact subspaces, and let (Y, d) be the completion of (X, d). Let B be a 
closed (in X) subset of S and let i? denote the I’-closure of B. Then 
B = B I? X and Q-l(B) = Q-l(B) is the projection on T of 
G(O) n (T x B) = (J {G(Q) n (T, x B)/ n = 1,2,...j. 
But, for all n, G(Q) n (T, x B) is the union of the sets 
G(Q I T’) n [(Tn n T’) x B] and G(Q) n [(Tn - T’) x B]. 
The first is Souslin and projects onto a Souslin (and therefore measurable- 
see [5, p. 2101) subset of the compact metric space T, . The second projects 
onto a set of measure 0. It follows that Q-‘(B) is the countable union of 
measurable sets. This proves (vi) => (i). 
Now assume that X is a Souslin space and that Q has closed, rather than 
complete, values. The proofs of (i) > (ii) > (iii) o (iv) and of (v) => (vi) 
remain unchanged. The proof of (vi) * (i) is simpler than before-do not 
complete (X, d), replace Y everywhere by X and B by B. We conclude with 
the proofs of (iv) * (vii) 3 (viii) 3 (v). 
(iv) * (vii). Fix E > 0 and choose T, as in (iv). Let (t,), (x,J be sequences 
in T, , X, respectively, such that x, E Q(t,) for all n, t, -+ t, and r, + x. 
By the continuity of vQ / T, x X and the fact that t E T, , we conclude that 
d(x, Q(t)) = 0, i.e., that x E Q(t). 
(vii) =z- (viii). Fix E > 0 and choose T, as in (vii). Then G(Q 1 T,) is closed 
in T x X. For let (t, x) be a limit point of G(Q I T,), say (tn , x,) + (t, x), 
where (tn , x,J E G(Q I TJ for all it. Applying (vii) we obtain x E Q(t) 
immediately. 
(viii) * (v). Trivial, since T and X are Souslin spaces. 
Since a multifunction Sz : T -+ X is (weakly) measurable iff D I K : K + X 
is (weakly) measurable for each compact subset K of T, the following corollary 
(which is a substantial strengthening of [2, Theorem 3.21) follows immediately. 
COROLLARY 1. Let T be a locally compact Hausdorfj space in which each 
compact subspace is metrizable, (X, d) a separable metric space (respectively, 
a So&in space), and 52 : T + X a multifunction with complete (respectively, 
closed) values. Then the following statements are equivalent: 
(i) 52 is measurable; 
(ii) 52 is weakly measurable; 
(iii) &t, x) is a measurable function of t for each x E X. 
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3. IMPLICIT FUNCTION THEOREMS 
We first state a selection theorem which follows immediately from 
Theorem 5 of [7]. 
THEOREM 2. Let T be a locally compact HausdorfJ space, (X, d) a separable 
metric space, and s2 : T - X a measurable multifunction with complete values. 
Then there exists a measurable function E : T --, X such that x(t) E Q(t) for 
all t E T. 
THEOREM 3. Let T be a locally compact Hausdorff space in which each 
compact subspace is metrizable, X a separable metric space, and Q : T--t X 
a measurable multifunction with complete values. Let f be a continuous function 
from T x X to a Hausdorff space Y, and let y : T -+ Y be a measurable 
function such that y(t) Ef(t, Q(t)) for all t E T. Then there exists a measurable 
function x : T + X such that x(t) E Q(t) and y(t) = f(t, x(f)) for all t E T. 
THEOREM 3’. Theorem 3 remains valid if we change only the hypotheses 
on Y andf, requiring instead that Y be a metric space, thatf(t, x) be a measurable 
function oft for each x, and that f (t, x) be a locally uniformly continuous function 
of x for each t. 
PROOF. We prove Theorems 3 and 3’ simultaneously. Define r : T + X 
by r(t) = Q(t) n {x 1 f(t, .v) = y(t)} for each t E T. Each r(t) is closed and 
therefore complete since f(t, x) is a continuous function of x and Q(t) is com- 
plete. If we prove that r is measurable, then the desired function x : T -+ X 
is obtained immediately by applying Theorem 2 to r. It is sufficient to 
prove that the restriction of I’ to each compact subspace of T is measurable. 
So let K be a compact subspace of T. Then sZK = Q 1 K : K - X 
is measurable with complete values. Fix E > 0. By Theorem I, there 
exists a Souslin subspace K, of K such that p(K - KJ < E and 
WK I K) = W-J I Kc) is Souslin. Without loss of generality we may 
assume that y 1 K, is continuous. (Under the hypotheses of Theorem 3’ we 
use [4, Corollary 2.11 to also require that f 1 K, x X be continuous.) We 
have 
G(r I Kc) = G(Q I K) n {(t, 4 E Kc x X I f(t, x) = y(t)>. 
Hence G(r I K,) is the intersection of a Souslin set and a closed set, and is 
consequently a Souslin set. By another application of Theorem 1, we conclude 
that r I K is measurable. 
409&b4 
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4. SELECTORS IN&SPACE 
Let X be a topological space, and let E be a linear topological space. If 
(E) denotes the collection of all closed and convex subsets of E, then (E), 
ordered by set inclusion, is a complete lattice. Consequently, it is meaningful 
to speak of upper (or lower) semicontinuous mappings F : X --+ (E) (see 
[S, p. 731). Following Cesari [9], a mapping, F : X+ (E), which in the 
above sense is upper semicontinuous at x0 E X is said to have property (Q) 
at x,, E X. If the mapping F has property (Q) at each point in X, then we say F 
has property (Q) on X. Cesari [9] investigated mappings having property (Q) 
in some detail, and he demonstrated the fundamental role that these mappings 
play in the existence theory for optimal control problems. A mapping 
F : T -+ (E) is CQ-measurable if for every compact K C T and for every 
E > 0 there exists a compact K, C K such that p(K - K,) < E and such that 
F 1 K, has property (Q) on K, . Thus, for the situation at hand, CQ-measur- 
ability is implied by the “p-measurability” of Castaing [lo], but not 
conversely. The selection theorem in this section is for CQ-measurable 
mappings. This theorem unlike most others (cf. [2, 7, 10, II]) does not 
require separability or compactness assumptions. Michael [12] has also given 
a selection theorem which does not use separability or compactness 
hypotheses. Michael’s statement is partially overlapping with our result, 
although neither theorem subsumes the other. 
Recall that a normed linear space E is rotund if the closed unit ball in E is 
strictly convex. A normed linear space is an r-space if it is topologically 
isomorphic to a rotund space. 
THEOREM 4. Let T be a locally, compact HausdorJc space such that every 
compact subset of T is metrizable. Let E be a reflexive r-space. Let F : T + (E) 
be a CQ-measurable mapping such that F(t) is nonempty for each t E T. Then 
there is a measurable mapping, u : T 4 E, such that u(t) E F(t) for each t E T. 
PROOF. It will be clear from the ensuing proof that there is no loss in 
generality if we assume that T itself is metrizable and compact. Moreover, 
we may take the space E to be a rotund space. Since E is reflexive, E must be 
complete (hence a B-space). A nonempty closed and convex subset of E 
contains at least one element of minimal norm [14, Corollary 2, p. 2441. 
From the rotundity of E such an element of minimal norm is unique [14, 
Lemma 1, p. 1071. Thus we prove our theorem by showing that the function 
u : T---f E, has the required properties, where u is the function uniquely 
determined by the relation 11 u(t)11 = min{/l u 11 (u EF(t)} for t E T. Let m 
denote the function t -+ /I u(t)ll, (t E T). Then m is measurable. This is 
demonstrated as follows. Let E > 0 be given, and select a compact K, C T 
such that p(T - K,) < E and such that F 1 K, has property (Q) on Kc . 
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Since the E > 0 is arbitrary, it suffices for us to show that the set 
Ma = (t E K, I m(t) < a} is closed f or any real a. We shall use u(E, E’) to 
denote the E’-topology on E where E’ is the dual of E (cf. [15]). If (tn) is a 
sequence in M, and (tn) converges to t, , then I] u(t,,)ll < a and consequently 
some subsequence (u(t.,)) of (u(tn)) o(E, E’)- converges to a u,, E E (because the 
collection of I is a(E, E’) sequentially compact by Theorem 7 [15, p. 4251 
and the Eberlein-Smulian Theorem [15, p. 4301). Since the norm 11 . 11 is 
a(E, E’) lower semicontinuous [14, Lemma 1, p. 2121, we infer that 
lim infll U(tn,$ 3 /j u0 11. Moreover, some sequence (uk) of conves linear 
combinations of the u(&,) converges to u0 in the norm topology [15, p. 4221. 
Thus (t,,) converges to t, E Kc , (uk) converges to u,, in norm, F 1 K, has 
property (Q) on K6 , and from this one can conclude that u0 e.F(to). There 
results m(t,) < /j z+, 11 < lim inf jj ~(t,,,.)ll < a, thereby showing that t, E Ma . 
Hence m : T-j R is measurable. 
Given 7 > 0 pick a compact K,, C T such that p(T - K,) < 17 and such 
that (1”) m j K,, is continuous and (2”) F I K,, has property (Q) on K, . Then 
u 1 K,, is u(E, E’)-continuous. For if u j K,, is not u(E, E’)-continuous at 
t, E K,, , then there is a sequence (fn) in K,, converging to t, with the property 
that rzo subsequence of (u(tn)) u(E, E’)-converges to I. But by (1”) m j K,, 
is continuous so that the u(tn) are bounded in norm. Just as in the proof 
that M, is closed, we determine with the aid of (1”) and (2”) that there is 
a subsequence (~(t~,)) of (u(&)) such that (u(&,)) u(E, E’)-converges to some 
z$ E F(t,,). However, we find from (1”) that 
m(Q = II u(&)lI = lim m(hk = lim inf II 4hJll >, II 4 II, 
and since uz EF(Q, we also obtain 11 u$ 11 > m(to) = II zl(t,)l/. Therefore we 
have that I/ uz /j = 11 u(t,,ll. S ince u EF(Q satisfying /I u /I = m(t,,) is unique, 
a contradiction ensues. Hence u I K, is u(E, E’)-continuous. Now the 7 > 0 
was arbitrary so that there is a set NC T with p(N) = 0, and a sequence K, , 
II = 1, 2, 3,... of compact subsets of T such that T - (J {K, I n = 1,2,...} = N 
and such that the u I K, are each u(E, E’)-continuous. Thus the mappings 
t + (u(t), u’)(t E T) are measurable for each a’ E E’, and it suffices to show 
that u is essentially separably valued [3, Corollary 1, p. 1821. Each K,, is 
metrizable and compact, and hence each K, is separable. Thus u(K,) is 
u(E, E’)-separable. If {xr , x, , xa ,... > is a set in u(K,) which is u(E, E’)-dense 
in u(K,J, then the linear manifold X = span{x, , xz , x3 ,...} is norm separable, 
and thus x, the closure (with respect to the norm) of X, is separable (with 
respect to the norm). By Theorem 13 [15, p. 4221 x1 u(K,) which implies 
that u 1 K, is separably valued. Since only countably many K,, are involved 
u is essentially separably valued and hence u is measurable [3, Corollary 1, 
p. 1821. 
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Note added in proof. J. Lindenstrauss (“On non-separable reflexive 
Banach spaces,” Bull Amer. Math. Sot. 72 (1966), 967-970) has proved that 
every reflexive Banach space has an equivalent strictly convex norm and 
hence is an r-space. [See also E. Asplund, “Averaged norms,” Israel J. 
Math. 5 (1967), 227-233.1 Thus in Theorem 4 we need only assume that E 
is a reflexive Banach space. 
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